We study theoretically the issue of externally driven excitations of standing kink waves and their resonant absorption into torsionally polarized m=1 waves in the coronal loops in pressureless plasmas. We use the ideal MHD equations, for which we develop an invariant imbedding method available in cylindrical geometry. We assume a sinusoidal density profile at the loop boundary where the density inside the loop is lower than the outside and vice versa. We present field distributions for these two cases and find that they have similar behaviors. We compare the results for the overdense loops, which describe the usual coronal loops, with the analytical solutions of Soler et al. obtained using the Frobenius method. Our results show some similarity for thin nonuniform layers but deviate a lot for thick nonuniform layers. For the first case, which describes the wave train propagation in funnels, we find that resonant absorption depends crucially on the thickness of the nonuniform boundary, loop length, and density contrast. The resonant absorption of the kink mode is dominant when the loop length is sufficiently larger compared with its radius (thin loop). The behavior of the far-field pattern of the scattered wave by the coronal loop is closely related to that of the resonant absorption. For the mode conversion phenomena in inhomogeneous plasmas, a certain universal behavior of the resonant absorption is found for the first time. We expect that the main feature may also apply to the overdense loops and discuss its relation to the damping rate.
INTRODUCTION
Since the first observations of transverse coronal loop oscillations by the Transition Region and Coronal Explorer (Aschwanden et al. 1999; Nakariakov et al. 1999) , these transverse motions are understood as kink modes. Kink (transverse) oscillations of coronal loops can be triggered externally by flares, coronal mass ejections, and eruptions (e.g., Terradas et al. 2006 Terradas et al. , 2007 Zimovets & Nakariakov 2015) or internally by disturbances like foot-point motions, for example (see, e.g., De Groof et al. 1998; De Groof & Goossens 2000 Terradas et al. 2005) .
Understanding their characteristics is important because it makes it possible to infer physical parameters like density, magnetic field strength, and the physics involved in the phenomena (e.g., De Moortel & Nakariakov 2012; Stepanov et al. 2012) . It has also been thought to be closely related to coronal heating (e.g., Ionson 1978; Davila 1987; Grossmann & Smith 1988; Poedts et al. 1989 Poedts et al. , 1990 Steinolfson & Davila 1993; Ofman et al. 1995; Antolin et al. 2015; Okamoto et al. 2015) . One typical perplexing property is the selective excitation of the kink oscillations. Nakariakov et al. (2009) and Gruszecki et al. (2010) discussed the role of vortex shedding in exciting the transverse loop oscillations. Luna et al. (2009) showed numerically that the loops oscillate collectively or individually depending on the individual loop configurations and their frequencies. Very recently, a possible excitation of the loop oscillation due to magnetic energy loss was proposed by Russell et al. (2015) . Another typical feature is the rapid damping of its amplitude after the excitation and resonant absorption has been considered as a prominent mechanism (e.g., Tirry & Goossens 1996; Goossens et al. 2002; Ruderman & Roberts 2002) .
Until now, resonant absorption theory has been found to agree well with the observations (e.g., Goossens et al. 2002 Goossens et al. , 2008 . Some theoretical studies are based on approximations such as considering the coronal loop as a thin tube (TT) and treating the nonuniform layer to be thin compared to its radius (TB), which facilitates the derivation of analytical formulas for dispersion relations, damping rate (time), and so on (e.g., Hollweg & Yang 1988; Ruderman & Roberts 2002) . According to Van Doorsselaere et al. (2004) , for a sinusoidal density profile, the thin tube thin boundary (TTTB) approximation can give a proper estimate for the damping rate within 25% error as a maximum when compared with the numerical results by fully solving the resistive MHD equations. Ruderman & Roberts (2002) showed theoretically that the damping rate depends on density contrast. Soler et al. (2013) compared the dispersion relations for ideal MHD waves obtained with an analytical method to those for resistive MHD waves obtained numerically, and found that they give similar results for thin boundary in the limit of small resistivity. They have shown that the dispersion relation strongly depends on the density variation in the transitional layer by comparing sinusoidal, linear, and parabolic profiles. Their comparison of eigenfunctions between ideal and resistive MHD waves also shows that the deviation is quite big when the nonuniform layer is thick. Arregui et al. (2008b) showed through numerical calculation that the damping rate does not depend on the density contrast for very high density contrast when the longitudinal wavelength is long.
On the other hand, by numerically solving the time-dependent problem, Terradas et al. (2006) found that an externally driven kink mode immediately damps into an Alfvén mode, which agrees well with the resonant absorption mechanism. Later, Terradas et al. (2007) showed that when kink waves are externally driven as an initial perturbation, some energy is confined as a kink mode in the coronal loop, while some other energy excites transient leaky modes. Similar results were previously obtained for trapped and leaky modes in coronal slabs by Terradas et al. (2005) . Arregui et al. (2007) investigated the influence of the internal density structure of coronal loops on the oscillation period and damping time, and found that it has small effects on those properties. The oscillation period and damping time strongly depend on the density variation along the loop. However, their ratio is independent of the density variation along the loop when the plasma temperature is the same inside and outside the loop. This fact was first noticed by Andries et al. (2005) in their numerical modeling, and then proved rigorously by Dymova & Ruderman (2006) . Arregui et al. (2011) obtained the same result by considering the two-dimensional density structure in prominence threads.
The excitation and relevant damping of kink modes are not yet fully understood and the studies on the dependence of resonant absorption on longitudinal wavelength, density contrast, and thickness of the nonuniform layer are insufficient. In particular, it has not been explained why transverse oscillations are selectively excited, i.e., why some post-flare loops are oscillating and some are not. How much wave energy is transferred into the resonant layer in various situations is also important (e.g. , Hollweg 1990; Poedts et al. 1990; Arregui et al. 2011) . To study this issue, we have developed an invariant imbedding method (IIM) available in cylindrical geometry, which enables us to obtain the field amplitude distribution and the reflection (scattering) coefficient in a numerically exact manner. We are mainly focusing on the resonant absorption. There have been some studies on the scattering and absorption of acoustic p-modes in magnetic flux tubes, based on the calculation of the reflection coefficient (e.g., Goossens & Poedts 1992; Stenuit et al. 1993; Keppens et al. 1994; Hindman & Jain 2012; Hanson & Cally 2014) . The T-matrix theory was used by Luna et al. (2009) to study the collective normal modes of several coronal loops.
In this paper, by using the ideal MHD equations, we investigate the excitation of the standing kink wave and its resonant absorption in coronal loops driven by an external source as a driven problem. A sinusoidal profile is used for the density in the nonuniform (inhomogeneous) layer at the loop boundary for underdense and overdense loops. The underdense loop may describe the wave train propagation in funnels (e.g., Nisticò et al. 2014; Pascoe et al. 2014) , and the overdense loop is for the usual configuration for coronal loop models. We show how the field distribution and resonant absorption behave for different wave frequencies, density profiles, and so on.
In Section 2 we introduce the coronal loop model and the wave equation. In Section 3 we introduce the IIM, a detailed description of which is given in Appendix A, and derive the invariant imbedding equations available in cylindrical coordinates. In Section 4 we compare two cases for the sinusoidal density profile, then show absorption behaviors in different configurations and discuss its relation to the damping rate. The conclusion is given in Section 5.
MODEL AND WAVE EQUATION
To model a coronal loop we assume a straight, infinitely long, axisymmetric cylindrical flux tube in equilibrium where the physical quantities are varying only with the radial coordinate r perpendicular to the loop axis z, and there is no variation along the loop axis and azimuthal direction f. The quantities in equilibrium are mass density ρ 0 , magnetic field B, and pressure p 0 . We also assume no equilibrium flow.
We consider the linearized ideal MHD equations for a static low-β plasma. We assume a constant magnetic field in the z direction, B=(0, 0, B), and a variation f w
, where m and k z are the azimuthal and axial wavenumbers and ω is the angular frequency. We obtain a differential equation for the perturbation of the total pressure P (e.g., Soler et al. 2013 
where
is the local Alfvén speed, and μ 0 is the magnetic permeability of free space. To solve the above equation, we have applied the IIM and obtained invariant imbedding equations introduced in Section 3. The radial and azimuthal components, ξ r and ξ f , have the following relationship to P:
As a simple configuration, we assume the density varies near the coronal loop boundary (nonuniform or transition layer) and has no change in the inner (ρ i ) and outer (ρ e ) regions:
where R represents the radius of the loop and s the thickness of the inhomogeneous region. We consider a sinusoidal density variation for ρ t (see, e.g., Ruderman & Roberts 2002; Van Doorsselaere et al. 2004; Terradas et al. 2006; Soler et al. 2013 )
where ρ ei =ρ e /ρ i . By approximating that the density changes discontinuously from ρ i to ρ e at the boundary r=R (s = 0), from the matching conditions of the wave functions for m=1 at the boundary, the well-known dispersion relation for the standing kink mode is found (e.g., Van Doorsselaere et al. 2004; Soler et al. 2013) :
For the standing kink modes, the wavenumber k z is related to the loop length
where n is an integer indicating the number of nodes along the loop. We set ω=ω k and n=0 in the paper if it is not mentioned otherwise.
INVARIANT IMBEDDING METHOD
To solve the wave propagation and its absorption, we use a theoretical method called IIM, which has been developed to calculate the transport properties of waves and particle fluxes through an inhomogeneous medium (Chandrasekhar 1960; Bellman & Wing 1992; Klyatskin 2005) . IIM uses an invariant quantity, which is chosen as the thickness of the inhomogeneous medium, here denoted as , as a new independent variable and makes it possible to derive new differential equations with respect to  in place of the original variable. The main idea is to transform exactly the original second-order ordinary differential equations for the wave (field) amplitude with boundary conditions to first-order coupled ordinary differential equations for wave amplitude, reflection coefficient, and transmission coefficient with initial conditions (Babkin & Klyatskin 1980 , 1982 Klyatskin 1994; Kim et al. 2001) . The obtained equations are called invariant imbedding equations. This method reduces a boundary value problem to an initial value problem, which is much simpler to solve numerically.
There are several approaches for obtaining the invariant imbedding equations, such as using Ambartsumian's principle of invariance (Chandrasekhar 1960; Latham 1968; Bellman & Wing 1992; Kim et al. 2011; Kim & Kim 2014) or using an exact transformation of the differential equations into integral forms (Babkin & Klyatskin 1980 , 1982 Klyatskin 1994; Kim et al. 2001 Kim 2014 ). Previously, the latter approach has been applied to the linear mode conversion phenomena in plasmas (Lee et al. 2002; Lee et al. 2008; Yu et al. 2010; .
Because it may give the numerically exact wave amplitude distribution in the inhomogeneous medium , we can compare our result with the previous theoretical solution of Soler et al. (2013) using the Frobenius method, which is shown in Section 4.1. Thus, the importance of applying this new method is also partly in the verification of earlier results, and checking their robustness.
In a different approach, a general method without approximation had been developed in the 1970s (Golberg 1971a (Golberg , 1971b (Golberg , 1971c (Golberg , 1975 , which we use in our study (see, e.g., Klyatskin 2005; Kim & Kim 2016) . We introduce the derivation of the invariant imbedding equation in detail in Appendix A. We are concerned with the scattering and absorption properties of the waves incident on the inhomogeneous cylindrical media. Let us consider a kind of wave equation for Ψ(r, f) with respect to the radial coordinate r in cylindrical geometry: 
Here ò(r) has no dependence on r. In general μ(r) and ò(r) can have any arbitrary form depending on the wave equation we want to solve. When using Equations (9) and (10), Equation (8) reduces to Equation (1). When ò(r)=ò 1 and μ(r)=μ 1 are constants, the solutions for ψ m are and H m 1 ( ) , the wave outside the inhomogeneous medium can also be described by the two Hankel functions (see Hindman & Jain 2012) . In a similar way, for k 2 <0, we consider that when the source is outside the loop, the excited wave mode has a decaying amplitude to the loop. For this reason we use I m as a source. The use of I m is restricted to the case when the wave source is near the loop.
By setting u m =ψ m and
which has the form dx/dr=A(r)x(r).
Using as a new variable, the boundary conditions at r=0 and  = r may be written as 
where the prime denotes the derivative with respect to the entire argument, t m is the modal transmission coefficient,
.  is included as a new variable in addition to r. To apply the IIM, we assume a transmitted wave in the form of the Bessel function J m at r=0 , as in Cartesian coordinates, and set the value of the function J m at r=0 equal to the value of J m at  = r , which is obtained using the following rationale. The situation is such that we have an inhomogeneous medium from 0 to , and outside is a homogeneous medium. The idea of imbedding is to artificially imbed the inhomogeneous medium into the entire homogeneous medium. The initial condition corresponds to the configuration before imbedding the inhomogeneous medium. Therefore, there is initially no reflection or scattering of incident waves and, as a result, we have r m (0)=0 for any mode m. To satisfy this condition, the value of the wave amplitude J m at r=0 has to be the same as the wave amplitude
. This initial condition should always be satisfied for any kind of wave propagation problem in cylindrical or spherical geometry (see Kim et al. 2011; Kim & Kim 2014) .
The above boundary conditions can be rearranged in matrix form,
, that is, , respectively. Then, by means of Equation (48), we obtain the differential equation for   x ; ( ) from the first row, from which we get the first-order differential equation for  r m ( ): 
where we have used the equivalent relation
The initial condition for r m is obtained from the first row of initial conditions Equation (49), where the first row of
. To obtain  r m ( ), we integrate Equation (18) from 0 to the thickness of the inhomogeneous medium  with the initial condition = r 0 0 m ( ) , using the relations Equations (9) and (10). To solve numerically Equations (18) and (21), we use the IMSL routine DIVPAG. These equations can be solved with any kind of standard numerical 
method. To test our implementation of the invariant imbedding equations, we computed the solutions to the model by Tricarico et al. (2009) and obtain the same result, which can be checked in Appendix B.
Invariant Imbedding Equation for
For the vector x inside the inhomogeneous medium (  < < r 0
) we obtain with the help of Equation (50) From the first row, we obtain the first-order differential 
The initial condition for y m is, with the help of Equation (51),
For a given r, we integrate Equation (21) from r to  and obtain
Far-field Patterns
Coronal loop oscillations can be generated by events such as a flare or an eruption. We consider a plane wave incident on the coronal loop as a simple configuration. We fix the wave frequency. Assuming the plane wave propagates in the x direction from the left, P can be described as a sum of Bessel functions of the first kind (e.g., Stratton 2007; Kim et al. 2011) : 
and the far-field pattern of the scattered wave amplitude can be approximated by (Abramowitz & Stegun 1970; Kim et al. 2011) 
This formula is only concerned with the scattered wave amplitude   r ( ) while the formula in the previous section is concerned with the wave amplitude inside the inhomogeneous medium  < < r 0 ( ). We use Equation (24) and show in Section 4.2 the results for the possible case when the scattered waves by coronal loops may be detectable.
Absorption Coefficient
We can obtain the formula for the wave absorption from Green's second identity (or Green's theorem) (e.g., Jackson 1999), from which we have 
where ¶ ¶n is the normal derivative at the surface S and * denotes the complex conjugate. The nonzero value of the right-hand side represents absorption. According to Carney et al. (2004) , the term 
, which is the same expression as the classical electromagnetic wave scattering by a cylindrical body (e.g., van de Hulst 1981; Bohren & Huffman 1998) . This formula can also be derived by considering the average energy flux of the MHD wave á ñ = S ḿ E b Re 2 0 { } and by following the procedure in van de Hulst (1981) and Bohren & Huffman (1998) , where E is the perturbed electric field (see, e.g., Goossens et al. 2013 ). The derivation is given in Appendix C. In this paper we define the absorption coefficient as 
4. RESULTS
Field Amplitude of a Kink Wave
The invariant imbedding equations we need to solve have a singularity at  = 0 due to the  1 term in the equations. We fix the parameters in the region r/R<δ to the values at r/R=δ, and then reduce the value of δ until the result does not change. We find no changes in the results when δ<10 −5 . Also, to avoid the singularity near the resonance point, we include a small damping in the wave frequency: w w h  + i (see, e.g., Yu et al. 2010 . For a sufficiently small η as used in this paper, the absorption is due to the conversion from kink mode into Alfvén mode.
We investigate the behavior of the kink mode (m=1) by considering two cases for sinusoidal density profile and choosing the constant A 1 =1. Case I considers the density of the outer region to be higher than in the inner region where ρ ei (=ρ e /ρ i )=5, and Case II is the opposite situation where ρ ei =0.2. The model case I may describe the wave train propagation in a coronal funnel (e.g., Nisticò et al. 2014; Pascoe et al. 2014 ) and case II corresponds to the usual coronal loop. We set ρ i (ρ e )=1.67353×10
−12 kg m −3 for case I (case II). We use
, and δ=10 −6 . In a previous study, Soler et al. (2013) showed that, for a thin nonuniform layer, the eigenfunctions of the ideal and resistive MHD equations give almost the same results except near the resonance point. On the contrary, for the thick nonuniform layer, the difference between the ideal and resistive MHD results for Lagrangian displacements in radial and azimuthal directions is quite big.
In Figure 1 we plot the perturbation of the total pressure P, the displacement in the azimuthal direction ξ f , and the displacement in the radial direction ξ r as a function of r/R for the two cases. In the figure, panels (a) , (c), and (e) show the results for case I and panels (b), (d), and (f) correspond to case II. The field distribution P is normalized by the corresponding absolute value at  = r and the other field amplitudes are normalized by R. In both cases we set ω=ω k and then mode conversion into shear Alfvén waves can occur at r=R. In (a) the real part Re(P) has a minimum value at the resonance region and increases away from the region while the imaginary part Im(P) has a maximum value there and decreases away from the region. There is a small, abrupt deviation of the field profile near the resonance point as a numerical error, which disappears as η increases. In case II (b) Re(P) has a similar form to the one in (a) while Im(P) has a similar form, but with opposite sign. If we ignore the phase difference the absolute value of the perturbation of the total pressure P | | displays almost the same curve in both cases. The amplitude enhancement at the resonance position decreases as the wave frequency deviates from ω k . The behavior of ξ f in (d) for case II also has a similarity to case I, (c), except for the sign of the imaginary part. The imaginary part Im(ξ f ) has a smaller variation in scale compared to the real part Re(ξ f ). The displacement ξ r also has an abrupt deviation near the resonance, different from the behavior of ξ f . The feature near the resonance is slightly different from Soler et al.ʼs (2013) result. When compared to the amplitude of P of the incident wave at  = r , the relative amplitude of ξ f or ξ r normalized by R in the inner loop is about 350, which is quite big. This unreasonably high value may be due to the fact that we use ideal linear MHD equations without any damping effects and model the coronal loop as an infinite, straight cylinder. The decrease of the amplitudes ξ f and ξ r near r=0 is due to the damping parameter η.
In Figure 2 we display the effect of a varying nonuniform layer on the field distribution by fixing the wave frequency to ω k where the field distributions are plotted as a function of r/R for (a) case I and for (b) case II when s/R is 0.2 (solid), 0.4 (dashed), 1 (dotted), and 2 (dashed-dotted). The other parameters are the same as in Figure 1 . The field distribution P is normalized by the corresponding absolute value at  = r and other field distributions are normalized by R. Re(P) has slight changes as s/R increases for both cases, while the absolute value of Im(P) decreases for both cases over all regions. For ξ f in case I, as s/R increases, Re(ξ f ) becomes peaked near the resonance position and maintains its shape while Im(ξ f ) becomes wider near the resonance position. The same pattern is found for case II except for the sign of the imaginary part as shown in Figure 1 . The field Re(ξ f ) and also x f | | tend to increase near the resonance position as s/R increases while in the inner region they exhibit a relative decrease. The absolute value of the radial displacement x r | | tends to decrease as s/R increases for both cases. Our results for case II are quite different from Soler et al.'s (2013) results, which showed that ξ r in the ideal MHD has a large discrete jump at the resonance point when s/R=1.5. The difference may be due to the inclusion of the small damping parameter η in our model calculation. When compared to the amplitude of P of the incident wave at  = r , the relative amplitude of ξ f or ξ r normalized by R in the inner loop for case II is about 56 to ∼350 depending on s/R. If a pressure perturbation of only 1% of the background pressure is incident on the loop, the range of the normalized displacements ξ f and ξ r is about 0.56 to ∼3.5. Therefore, loops with thick nonuniform layers tend to oscillate with small transverse motions, which cannot be detected with the current resolution of satellites. This may explain why certain loops are found to oscillate while other loops do not appear to oscillate.
In Figure 3 , we show the results when the wave frequency equals 1.1max{ω A } for the configuration of Figure 2 , where max{ω A } is the maximum Alfvén frequency. So, in both cases the waves can propagate through the loop (k 2 > 0) and no mode conversion occurs. We use the same normalizations as in previous figures. In both cases P | | decreases from the outer region into the center and Re(P) has a larger scale of variations than Im(P). In case I, Re(P) has the opposite behavior to Im(P) while in case II Re(P) has a similar behavior to Im(P). As s/R increases the curve becomes smooth and there is no jump behavior for ξ f and ξ r showing the absence of resonance. For ξ f in case I, the peak and dip shift toward the inner radial direction, so the field amplitude behavior in the inner region becomes more complex as s/R increases. In case II, ξ f shows the opposite behavior such that the peak or dip shifts outward in the radial direction and widens as s/R increases, and both Re(ξ f ) and Im(ξ f ) have a surface wave structure. The behavior of ξ r displays a similar tendency to that of ξ f , but the amplitude scale of the real and imaginary parts is changed in opposite ways. When compared to the amplitude of P of the incident wave at  = r , the relative amplitude of ξ f or ξ r normalized by R in the inner loop for case I and case II is about 44 to ∼70 and about 2 to ∼3.5, respectively, depending on s/R.
The results for case II, we think, may be relevant to the observational loop oscillations induced by the flare event, as reported in Aschwanden & Schrijver (2011) , because they do not seem to involve the resonant absorption in their damping progress. The observed weak damping of the loop oscillations is contrary to the prediction of resonant absorption. Moreover, the distance between the flare and the oscillating loop is too long for the excited wave to penetrate through the intermediate region and to reach the loop, since in the intermediate region the wave mode would be evanescent (k 2 < 0). The shift behavior can be understood from the point of view of wave mechanics using the WKB approximation. In this picture the important quantity is the difference between the wave energy and the potential. For case I, the difference is at minimum at the inner region, and it increases from = -r R s 2, reaching a maximum in the outer region. The phase is related to the energy difference
( ), where E is the wave energy and V(r) is the potential) and, as a result, the amplitude of P is related to the phase by » P Q r 1 ( ) in terms of the WKB approach. This effect becomes very strong for ξ f and ξ r due to the term r w w -r r 1 0 2 A 2 ( )( ( ) ) in Equations (2) and (3). So the variation of amplitude is significant near = -r R s 2, which results in the peak and dip. This explains the s/R-dependent shift of the peak and dip. The same interpretation can apply to case II, for which the position of consideration is = + r R s 2. We note that Field amplitude P, ξ f , and ξ r as a function of r/R for case II when ρ ei =0.2, ω=ω k . The solid line shows the real part while the dashed line shows the imaginary part. The field amplitude for P is normalized by its absolute value at  = r and the other field amplitudes are normalized by R. We set ρ i (ρ e )=1.67353×10 −12 kg m −3 for case I (case II). Common parameters are
, and δ=10 −6 .
Figure 2. Field amplitudes P, ξ f , and ξ r as a function of r/R for (a) case I and (b) case II when s/R is 0.2 (solid), 0.4 (dashed), 1 (dotted), and 2 (dashed-dottted). The other parameters are the same as in Figure 1 . The field amplitude for P is normalized by its absolute value at  = r , and the other field amplitudes are normalized by R. Figure 1 . The field amplitude for P is normalized by its absolute value at  = r and other field amplitudes are normalized by R.
although the main part of our argument is, for simplicity, based on Cartesian coordinates, this does not invalidate the main point.
There is no excitation and no absorption of kink oscillation in these cases, but we suggest one possibility. For case II, the lower density region near the loop boundary has a large velocity shear, which oscillates with time. This oscillation may generate the transverse motion of the loop. The wave-induced velocity shear plays a similar role to the flow in the vortex shedding mechanism (e.g., Nakariakov et al. 2009; Gruszecki et al. 2010) in generating the kink mode. The velocity shear can also develop the Kelvin-Helmholtz (K-H) instability, which can make it possible to transfer the energy of the excited kink mode into the nonuniform region, resulting in an absorption. The K-H instability may also have a similar effect on the inner region of the loop (the funnel) for case I, which may be the source of the turbulence in the solar wind. Although these complex field structures are currently not discernible, we expect that it would be possible to detect them in the near future.
Far-field Patterns
Using Equation (24), we plot the absolute value of the farfield pattern of the perturbation of the total pressure P | | scattered from the coronal loop, assuming a plane wave incidence (Equation (23)). We set  = r in Equation (24) and the sum is done for m=−3, 2, K, 2, 3, where the addition of higher modes does not change the shape. The contributions from modes m=±3 is much smaller than those from modes m=±2. In Figure 4 (a) we plot the field pattern for case I when ω=ω k . As L 0 /R increases, the scattered amplitude decreases in all directions and the forward scattering is reduced much more than the backward scattering, becoming more symmetric with respect to the y axis (f = 90°). The contribution from the kink mode is dominant regardless of the value of L 0 /R, while the role of higher m modes, although it is small compared to the kink mode, increases as L 0 /R decreases. This is similar to their role in resonant absorption as will be shown in the next subsection. Since the scattered pattern is closely related to the loop oscillation, it can be conjectured that the asymmetric oscillation of the loop may be due to the interference between two or more oscillation modes.
In (b) and (c), we present the far-field patterns for cases I and II, respectively, when ω=1.1max{ω A }. The overall amplitudes are smaller than those for the situation in (a) while maintaining a similar behavior. Despite the absence of absorption, their small scattered amplitude means that they propagate through the coronal loop with weak interactions. The scattered amplitude is inversely proportional to s/R, and its relative variation in (a) is much larger when compared with those in (b) and (c), which can explain the presence and strength of the resonant absorption (not shown in the paper). The pattern of the scattered wave is crucially dependent on the coronal loop properties, so its analysis can be used as an additional seismological tool.
Wave Absorption
We perform calculations for case I using the formula for the absorption coefficient  introduced in Section 3.4. We use a small η, which means that the obtained absorption is due to mode conversion. In Figure 5 we plot the absorption coefficient  as a function of s/R for ρ ei (=ρ e /ρ i )=2, 5, 10, and 20,
6 m, η=10 −8 s −1 , and δ=10 −6 . The sum is done for modes m=−1, 0, 1, which is sufficient for the results because there is no difference from a sum including higher modes. This also means that the absorption is due to the kink mode because there is no 
T, R=2×10 6 m, η=10 −8 s −1 , and δ=10 −6 . The density parameters are the same as in previous figures. (a) ω=ω k for case I, (b) ω=1.1max{ω A } for case I, and (c) ω=1.1max{ω A } for case II. In each panel, the thickness of the line is set to increase as L 0 /R increases. The calculations are done for m=−3, −2, L, 2, 3.
contribution from the sausage mode. The modes m=1 and m=−1 are found to give an equal contribution to the absorption as it should do. The situation changes when L 0 /R<20 where the higher modes have significant contribution to the absorption. For a given ρ ei in each panel we plot  for L 0 /R=50, 100, and 150. It shows that  has a maximum value inversely proportional to the loop length and the peak position shifts to the left as L 0 /R increases. The resonant absorption is more efficient when L 0 /R is relatively small. When fixing L 0 /R and increasing r ei , the peak position shifts to the right and the absorption coefficient increases. The graphs also show the same pattern for varying density contrasts regardless of the value of L 0 /R. The loop length has the opposite role with the density contrast. The field amplitude P | | at the resonance position behaves similarly, but not directly proportionally, to the absorption curve. This indicates that the excited kink oscillation is closely related to its damping via mode conversion, which is well consistent with the result in Terradas et al. (2006) . In Figure 6 we plot  as a function of L 0 /R for s/R=0.002, 0.02, 0.2, 1, and 2, with a dependence on ρ ei , which corresponds to 2, 5, 10, and 20, where
6 m, η=10 −8 s −1 , and δ=10 −6 . As L R 0 increases,  increases first, then reaches a maximum value at a certain point, and finally decreases. The peak position depends on the value of ρ ei but the maximum value has no 
, and δ=10
. In each panel, the solid line corresponds to L 0 /R=50, the dashed line to L 0 /R = 100, and the dotted line to L 0 /R = 150. The calculations are done for m=−1, 0, 1. 
. In each panel solid line corresponds to ρ ei = 2, dashed line to ρ ei = 5, dotted line to ρ ei = 10, and dash-dot line to ρ ei = 20. The calculations are done for m=−1,0,1.
dependence on it. As we increase s/R, the whole curve moves to the left in the figure, to smaller values of L 0 /R, and the maximum value of  for each s/R increases first, reaching a maximum at s/R≈0.56, and decreases after that. Efficient resonant absorption occurs at large loop lengths for thin inhomogeneous layers and at small loop lengths for thick inhomogeneous layers. Strong mode conversion can occur for certain conditions, in agreement with Terradas et al.ʼs (2007) result that the trapped energy in the loop has a maximum value at a certain loop length.
From the behavior of the curves in Figure 6 we expected some universal behavior for wave absorption
[( )( ) ( )] ( ) , as shown in Figure 7 . We call it a sub-universality because it still has some dependence on the value of s/R. For each s/R,  has universality such that all curves are overlaid onto a single shape. The peak position of the absorption moves slightly to the left as s/R increases. This is a new result, to the best of our knowledge, for underdense cylinders. The reason for the universality may be inferred from rewriting the wave equation with normalized variables (see, e.g., . We can approximate the density profile near the resonance position ( ) ( ) . So, when r ; R, the equation and, as a consequence, the absorption due to mode conversion which occurs at r=R can be thought of as a function of q for a given m in the limit h h  0( ) . For the sinusoidal density profile,
The slope of the density profile a is a well-known crucial factor describing the loop oscillations (e.g., Van Doorsselaere et al. 2004 ). The same analog can apply to linear and parabolic density profiles (see Soler et al. 2013 ) and for which the sub-universality is found when
respectively. This property is of particular interest because the wavelength of the incident wave is larger than the thickness of the nonuniform layer. The universal behavior is found generally in the opposite case: the wavelength is much smaller compared to the length of the nonuniform layer. The universality of the absorption coefficient is well-known for some linear mode conversion phenomena in inhomogeneous plasmas (see, e.g., Hinkel-Lipsker et al. 1992; Kim et al. 2008; , and references therein). A certain universal feature may also be anticipated for case II from the same analysis. A simple approximate scaling law for the damping time had been derived by assuming a thin nonuniform layer (e.g., , 2006Ruderman & Roberts 2002 Arregui et al. 2008a Finally we show the dependence of resonant absorption on the wave frequency. In Figure 8 we plot  as a function of ω/ω k for L 0 /R = 20, 50, and 100, with dependence on s/R, which corresponds to 0.002, 0.02, 0.2, 0.4, and 1, where
) for s/R = 0.02, 0.2, and 1, where
6 m, η=10 −8 s −1 , and δ=10
. In each panel, the solid line corresponds to ρ ei = 2, the dashed line to ρ ei = 5, the dotted line to ρ ei = 10, and the dashed-dotted line to ρ ei = 20. For each s/R they merge into a single curve. The calculations are done for m=−1, 0, 1.
η=10
−8 s −1 , and δ=10 −6 . The summation is done for modes m=−1, 0, 1. As mentioned above, there are no contributions from the sausage and flute modes. When L 0 /R=20, as s/R increases,  first shows an increment, reaching a maximum value, and then decreases along with the broadening of the curve. When L 0 /R=50-100,  decreases as s/R increases, while maintaining the same broadening. The wave frequency corresponding to the maximum absorption is found to shift to lower frequency as s/R increases, which is clearly seen in the insets that represent the original absorption curves with logarithmic scale in the ordinate. The scaled absorption coefficient has a very similar structure regardless of the value of L 0 /R. The absorption is very strong when the wave frequency is close to ω k and the inhomogeneous layer is thin. When ω>max{ω A }, the absorption drops to zero because no mode conversion occurs (not shown in the figure) .
In a previous paper, Poedts et al. (1990) studied the frequency dependence of resonant absorption in diverse situations for coronal loops in linearized, compressible, resistive MHD and found that the resonant absorption is a very efficient mechanism for coronal heating. Their absorption curves are quite different from ours. Instead, similar results were obtained in Hollweg (1990) , where a linear density profile for the nonuniform layer was used in Cartesian coordinates in an ideal, incompressible MHD. The resonant absorption curve there has a sharp peak at certain frequencies depending on the incident angle, and the curve broadens as the thickness of the nonuniform layer increases.
For case II, which is for the usual coronal loops, the formula for the absorption is not appropriate because the wave is evanescent in the incident region (outside the loop). In contrast, when the flare is generated, the density increases abruptly and then the disturbance can propagate as a wave for some distance. This wave can tunnel through the evanescent region to excite the loop oscillations (Verwichte et al. 2006a (Verwichte et al. , 2006b ). On the other hand, the presence of intermediate mass flow can affect the wave propagation. These situations are also important issues, which we would like to pursue in future studies.
CONCLUSION
We have developed a new kind of IIM for studying coronal loop oscillations as a driven problem where ideal MHD wave equations in pressureless plasmas are used, and applied it to the excitation and resonant absorption of kink waves triggered by external perturbations. We have assumed a sinusoidal density variation at the loop boundary and compared two cases where the density inside is smaller than the density outside and vice versa. The former may apply to coronal wave trains in funnels and the latter to kink waves in loops.
The field distributions for both cases have very similar behavior except that the phase changes when the wave frequency corresponds to the kink mode frequency for no nonuniform layer. For the overdense case, the field amplitude distribution has similar behavior to that of Soler et al. (2013) , which was obtained using the Frobenius method for a thin nonuniform layer, but some deviation is found when the nonuniform layer is thick.
When the wave frequency is over the resonance frequency, we found that there can be a strong velocity shear at the outer edge of the loop boundary for the overdense loop configuration. We have suggested that the wave-induced velocity shear may enable an effect similar to vortex shedding (e.g., Nakariakov et al. 2009; Gruszecki et al. 2010 ) and thus may excite kink oscillations. For the underdense configuration, the velocity in the inner region of the loop also has a shear structure, from which the turbulence can evolve into the solar wind due to the K-H instability.
For the underdense case, we have found that the resonant absorption is mainly due to the kink mode when the loop is thin and depends crucially on the thickness of the nonuniform layer, the wave frequency, density contrast, and loop length. It has a local maximum value in this parameter space. The maximum absorption does not depend on the density contrast. Most interesting is a certain universality of the resonant absorption, which is a new result to the best of our knowledge, even though this kind of universality is well-known for some mode conversion in plasma physics. This universal behavior shows that the absorption coefficient can be written as a linear function of the cube root of the reciprocal of the width of the nonuniform layer for the TTTB approach. According to the TTTB approach, the damping time is inversely proportional to the width of the nonuniform layer. Therefore we expect that the . In each panel, the solid line corresponds to s/R=0.002, dashed line to s/R=0.02, dotted line to s/R=0.2, dash-dot line to s/R=0.4, and dash-dot-dot line to s/R=1. Each inset shows the same result with logarithmic scale in ordinate. The calculations are done from m=−1, 0, 1. absorption coefficient is proportional to the cube root of the damping rate for thin coronal loops with thin boundaries. We expect that the same analogy can also be applied to the overdense case, the configuration for the usual coronal loops.
Like the results on resonant absorption, the study on the farfield pattern of the scattered waves for plane wave incidence also shows that the kink mode plays an important role in response to external perturbation, regardless of the loop length, thickness of the nonuniform layer, and density contrast. This may provide a clue on why the kink (transverse) oscillations are dominant in observations although we have considered only plane wave incidence. The contribution of higher m modes tends to increase slightly and gradually as the loop becomes thicker. We note that the field enhancement at the resonance position is related to the absorption strength.
We have investigated the external driving of the kink modes. However, internal driving may also play a crucial role in the excitation and related resonant absorption of kink waves in the coronal loops, which remains for a future study. Although our results are based on the infinite straight loop model that restricts the application of the results, we expect that the main features do not change.
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APPENDIX A DERIVATION OF THE INVARIANT IMBEDDING EQUATIONS
We introduce the IIM, which can transform exactly ordinary differential equations with boundary conditions to ones with initial conditions (Golberg 1975; Klyatskin 2005; Kim & Kim 2016 ). This makes it much easier and more concise to solve the problems numerically. We will follow the procedure in Klyatskin (2005) .
Consider the system that can be described by ordinary differential equations
with the boundary conditions
where g and h are constant matrixes. The solution to problem Equations (28) and (29) depends parametrically on  and v:
which describe the boundary values of the solution to Equation (28). Differentiating Equation (28) with respect to  and v reads 
where x j is jth component of x.
We introduce the vectors
; , , ; , ; , .
Now we prove that the vectors b k , k=1, 2, K, are linearly independent. Assume that there are constants c k such that
Since b k satisfy the system of Equation (30), it follows that this relation is satisfied for any r,
Differentiating Equation (29) with respect to v k we obtain
where the components of the vector e k are equal to δ kl , l=1, 2, K. We see that the vectors e k are linearly independent. Multiplying Equation (32) by c k , taking the sum with respect to k, and using Equation ( 
if the vector quantity  l v , ( ) satisfies Equation (29) and the solution is unique.
The determination of  l v , ( ) is as follows. First, set r=0 in Equation (33) and multiply them with matrix g. After similarly setting  = r and multiplying with matrix h, combining these two terms and using Equation ( 
we obtain the expression for  l v , ( ) 
which is reduced to
where we have used Equations (28) and(35). The initial condition for Equation (40) is, by virtue of Equation (29) 
The Equation (47) can be rewritten as 
where we also omit the v for simplicity.
APPENDIX B TEST OF INVARIANT IMBEDDING EQUATIONS
To test the invariant imbedding equations, we have considered the dielectric cylinder modeled by Tricarico et al. (2009) , confirming that our method gives the same result numerically (Figure 2 in Tricarico et al. 2009 ) as shown in Figure 9 . The governing equation is the same as Equation (8) where ψ m represents the mth component of the electric field in the z direction and ò(r) and μ(r) represent the dielectric constant and relative magnetic permeability, respectively. The values of ò(r) and μ(r) are denoted in the caption. ( ) = 3, r 2 =α r 1 , r 3 =β r 1 , α = 1.5, and β = 2. When r>r 3 , ò = 1 and μ = 1. k 0 is the wavenumber in the incident region. We use different notations for the scattering coefficient here.
